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MODEL ROTOR HOVER PERFORMANCE AT LOW 

REYNOLDS NUMBER 
 

Franklin D. Harris
*
 

 
Ames Research Center 

 

SUMMARY 

 

 Hover performance data from four key experiments has been analyzed in detail to shed 

some light on model rotor hover performance at low Reynolds number. Each experiment used 

the simplest blade geometry. The blades were constant chord and untwisted. Three experiments 

used blades with the NACA 0012 airfoil from root to tip. The NACA 0015 was used in the 

earliest test. The four experiments provide data spanning a Reynolds number range of 136,500 to 

548,700.  

 

 The specific objective of this report is to ask and answer two questions: 
 

1. Does blade aspect ratio influence hover performance or is rotor solidity the 

fundamental rotor geometry parameter for practical engineering purposes? ANSWER: 

Rotor solidity is the fundamental rotor geometry parameter for practical engineering 

purposes. Any effect of blade aspect ratio appears to be such a secondary variable that 

its effect lies within the range of experimental error. 

2. Is Reynolds number a significant factor in scaling up hover performance to full-scale 

rotor performance? The answer is twofold. ANSWER: (a) Reynolds number effects on 

the increase of power with thrust do not appear to be a significant factor for practical 

engineering purposes, and (b) Reynolds number effects on minimum profile power at 

or very near zero rotor thrust could not be clearly established primarily because the 

low torque levels could not be accurately measured with the test equipment used. This 

has led to significant data scatter. 

 

 A number of other observations can be made based on the analysis provided herein. For 

instance: 
 

1. The test matrices used in the four key references contained far too few data points. A 

collective pitch variation of four or five data points is insufficient to establish experimental 

accuracy and data repeatability.  
 

2. A common property of the power-versus-thrust (raised to the 3/2 exponent) graphs was that 

this curve was linear below the onset of blade stall.  
 

3. The blade-to-blade interference at or near zero thrust may, in fact, be creating a turbulent flow 

field such that the effective Reynolds number at a blade element is considerably greater than 

what theories using two-dimensional (2D) airfoil properties at a blade element would 

calculate.  
 

4. Definitive experiments answering the two key questions have yet to be made. 

                                                 
*
 F. D. Harris & Associates, 15505 Valley Drive, Piedmont, Oklahoma 73078. 
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INTRODUCTION  

 

 Over the last eight decades, four key experiments have been conducted dealing with the 

question of the effect of the number of blades on thrust versus power behavior in hovering flight. 

The tests used untwisted rectangular blades. In three of the experiments the blades used the 

NACA 0012 airfoil from blade root to tip. The earliest experiment, reported in 1937, used blades 

having the NACA 0015 airfoil from root to tip. Taken together, the four model rotor experiments 

also shed some light on the effect of Reynolds number because the tip Reynolds numbers varied 

from a low of 139,000 up to 525,000. The diameters of these small rotors varied from 52 to 60 

inches.  

 

 This report uses the reported experimental data from the following four tests (Refs. 1-4) 

to examine what influence Reynolds number has on the hovering performance of these small 

rotors. Appendix A provides the experimental data examined herein in tabulated form. 

Ref. 1.  Montgomery Knight and Ralph Hefner, Static Thrust Analysis of the Lifting Airscrew, 

NACA TN 626, Dec. 1937. 

Ref. 2.  Anton Jack Landgrebe, An Analytical and Experimental Investigation of Helicopter Rotor 

Performance and Wake Geometry Characteristics, USAAMRDL TR 71-24, June 1971. 

Ref. 3.  Manikandan Ramasamy, Hover Performance Measurements Toward Understanding 

Aerodynamic Interference in Coaxial, Tandem, and Tilt Rotors, AHS Journal, vol. 60,  

no. 3, June 2015. 

Ref. 4.  Mahendra Bhagwat and Manikandan Ramasamy, Effect of Blade Number and Solidity on 

Rotor Hover Performance, AHS Specialists’ Conference on Aeromechanics Design for 

Transformative Vertical Flight, San Francisco, CA, Jan. 16-18, 2018. 

 

 A fifth document (Ref. 5) not available to the public when written (but still in the 

author’s possession because of its historical value) is included at the very end of this report. This 

Boeing Company – Vertol Division, Interoffice Memorandum was prepared by Ron Gormont in 

June of 1970. 

 

 The four hover performance experiments were conducted with rather similar blades as 

Tables 1, 2, and 3 show. Even the range in tip Reynolds number and tip Mach number covers 

many experiments with small, model rotor systems as Figure 1 below shows. It should be noted, 

however, that Landgrebe’s experiment was conducted with Mach scaled blades, which is quite 

typical of the rotorcraft industry’s requirements. On the other hand, the experiments conducted 

by Knight and Hefner at Georgia Tech and Ramasamy and Bhagwat at NASA Ames Research 

Center were more along the lines of basic research.  

 

 This report (1) examines the four experimental data bases following Knight and Hefner’s 

1937 finding that solidity (whether changed by blade number or blade aspect ratio) is key, (2) 

compares blade element momentum theory (BEMT) to test data, (3) provides a semi-empirical 

equation to estimate the hover power required for a given thrust, and (4) offers recommendations 

for additional experiments.  
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Table 1. Number of Blades Tested 

Ref. b = 2 3 4 5 6 7 8 Reynolds Number Range 

1 Yes Yes Yes Yes No No No 267,825 Only 

2 Yes No Yes No Yes No Yes 411,200 to 548,720 

3 Yes* Yes Yes* Yes* Yes No No 221,560 to 329,984 

4 Yes Yes Yes Yes Yes No No 139,528 to 334,866 

* Note: Tabulated data not currently available. 

 

Table 2. Blade Geometry 

Ref. 

Diameter 

(in.) 

Chord 

(in.) 

Twist 

(deg.) 

Blade 

Aspect 

Ratio 

NACA 

Airfoil 

Hub 

Diameter 

(in.) 

Flap 

Hinge 

(in.) 

Root 

Cutout 

(% R) 

1 60.00 2.000 0 15.00 0015 3.00 1.000 16.7 

2 53.50 1.470 0 18.20 0012 na 1.816 14.8 

3 52.10 2.290 0 11.37 0012 ?? ?? 19.1 

4 52.25* 2.297 0 11.37 0012 ?? ?? 19.0 

* Note: Reduced diameter blades were tested. 
 

Table 3. Baseline Solidity Comparison 

Ref. b  = 2 3 4 5 6 7 8 

1 0.0424 0.0637 0.0849 0.1061 No No No 

2 0.0350 No 0.0700 No 0.1050 No 0.1400 

3 0.0560* 0.0840 0.1120* 0.1400* 0.1680 No No 

4 0.0586 0.0880 0.1172 0.1466 0.1759 No No 

  * Note: Tabulated data not currently available 
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Figure 1. Test data range for the four key experiments studied in this report. 
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USE OF SOLIDITY  

 

 The four experiments used a number of blades (Table 1) to investigate hover 

performance. However, each referenced experiment differed in the blade aspect ratio that was 

selected (Table 2). Therefore, keep in mind that the use of solidity as an important rotor system 

characteristic might be better defined as  

 
 

b
Solidity where R radius and c chord

R c
    


 Eq. (1) 

When solidity is viewed in this manner, the following question is frequently raised: If solidity is 

obtained with a few, low aspect ratio blades, will that give the same hover performance obtained 

with many, high aspect ratio blades? Asking this question in another way: At equal solidity, does 

the hover performance really depend on just the ratio of blade number to blade aspect ratio? 

Table 3 show that the four experiments taken together did, in fact, provide experimental data to 

examine this question. 

 

 This fundamental question about the use of solidity was addressed quite specifically by 

Landgrebe (Ref. 2, page 16). He summarized the question with these words: 
 

Effect of Aspect Ratio at Constant Solidity 

Of particular interest to the rotor designer is the trade-off in performance between chord and 

number of blades while maintaining constant rotor solidity (total blade area and disc area held 

constant). The experimental results comparing the hover performance for eight, 

18.2-aspect-ratio blades (c = 1.47 in.) and six 13.6-aspect-ratio blades (c = 1.96 in.) at a constant 

solidity of 0.140 are presented in Figure 21 [see Figure 2 below]. Over the thrust range tested  

(i.e., up to the stall flutter boundary), the results are essentially equivalent for the two 

configurations. The existence of the stall flutter boundary prohibited the investigation of the trade-

off of number of blades and chord at conditions associated with deep penetration into stall. The 

eight narrow-chord blades exhibited stall flutter at lower performance levels than the six wide-

chord blades. This implies that the aeroelastic, rather than the aerodynamic, characteristics of the 

blades may ultimately be the determining factor in selecting blade aspect ratio. 

 

 
Figure 2. Landgrebe’s experiment reinforces the use of solidity as the nondimensional parameter 

when comparing two different rotor system geometries. The blade twist  in this 

experiment was a linear –8 degrees for both blade sets.  
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 A very important point to note about Landgrebe’s example is that the tip Reynolds 

number varied considerably (548,000 to 959,500). But two sets of data were tested at a tip 

Reynolds number of 548,000 (i.e., b = 8, AR = 10.2, Vt = 700 and b = 6, AR = 10.2, Vt = 525). 

Landgrebe’s example therefore suggests that in this tip Reynolds number range there is no effect 

of Reynolds number or blade aspect ratio.  

 

 A second example of the just how fundamental solidity can be became available in 2017 

(Ref. 6, pages 19–22). Harris wrote:  

Blade Number at Equal Solidity 

 During May of 1994, Bell Helicopter Textron Inc. (BHTI) conducted checkout of two 

0.15-Mach-scaled JVX model proprotors. This initiated subsequent testing in the NASA Langley 

Research Center 14- by 22-Foot Subsonic Wind Tunnel from June 13 to July 29, 1994. The 

purpose of the wind tunnel test was to quantify and compare acoustic, aerodynamics, and Blade 

Vortex Interaction (BVI) characteristics of two similar tiltrotor rotor systems with different 

numbers of blades but of equal solidity.  

 

 The debugging and checkout of BHTI’s Power Force Model was conducted at Bell’s 

facility. This provided hover performance data for both the three- and the four-bladed 

configurations (fig. 22 and table 2), which was included in the complete data report (ref. 20). The 

performance data is provided in Appendices F and G and shown in figures 23 to 25 herein.  

The experimental evidence of this second example is shown here with Figure 3. In this example, 

the tip Reynolds number was well above one-half million because of the high tip Mach number 

at which the test was conducted.   

0
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0.0016
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0.0024

0.0028

0.0032
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t

P
C

R V

 

 T 2 2

t

T
C
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
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0.80

1.0

P

P
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T
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Fig. of Merit

C1

FM 2



 
  

 

Notes 1. These two proprotor systems had equal solidity.

          2. The thrust weighted solidity is 0.1142 and the power weighed solidity is 0.1116.

 
Figure 3. Bell’s experiment reinforces the use of solidity as the correct parameter when blade 

aspect ratio and number of blades are being studied. 
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 A third example of just how fundamental solidity can be became available in October of 

2012 (Ref. 7, pages 172–178). When applied to hover performance of some 40 odd full-scale, 

single rotor helicopters, Harris wrote (on page 175): 
 

 The results of applying equation 2.120 are shown in Fig. 2-74. This figure reflects 

modern results based on hover engine power required (out of ground effect) obtained with 40 

single rotor helicopters [see Figure 4 below]. This group does not include results where 

compressibility was an obvious factor, such as those reported by Ritter [207]. A little statistical 

analysis plus educated guessing shows that the average constants for the 40 helicopters are:  

 Main rotor minimum airfoil drag coefficient (Cdo) = 0.008. 

 Tail rotor minimum airfoil drag coefficient (Cdo-tr) = 0.016. 

 Tail rotor induced-power correction factor (ktr) = 1.35. 

 Main rotor transmission efficiency (mr) = 0.96. 

 Tail rotor transmission efficiency (tr) = 0.95.  

 

 Because the flight test reports give little or no information about accessory power, I 

lumped SHPacc and error into one constant horsepower for each individual helicopter. This lumped 

sum yielded 28 results with less than 5 percent error, 10 results with between 5 and 10 percent 

error, and 2 results with between 10 and 15 percent error when the blade element results were 

compared to experiment. These are percentages of the lowest-recorded engine shaft horsepower of 

the respective helicopter.  
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Figure 4. Flight test data from 40 full-scale, single rotor helicopters show that Knight and 

Hefner’s similarity parameters remove solidity as a variable for engineering purposes 

(Ref. 7, page 175). 
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KNIGHT AND HEFNER’S BLADE ELEMENT MOMENTUM THEORY 

 

 The use of solidity as a nondimensional parameter became quite clear to Knight and 

Hefner as they reported in 1937 (Ref. 1). They presented blade element momentum theory 

(BEMT) in quite a different form than that shown in highly respected text books such as 

References 8 and 9. Knight and Hefner’s form is provided in more detail in Appendix B herein. 

In summary, they began BEMT with the classical assumption that a blade element has an angle 

of attack (α) that can be calculated as  

     Eq. (2) 

where (θ) is the geometric blade pitch angle and (is the inflow angle.
1
 Knight and Hefner 

clearly stated that all angles were assumed to be small. Now, applying BEMT yields the result 

that the inflow angle is calculated from 

 
a 32 x

1 1
16 x a

  
      

  Eq. (3) 

where (a) is the lift curve slope of the airfoil commonly taken as 5.73 per radian and (x) is the 

nondimensional blade radius station, calculated as x = r/R. Knight and Hefner saw that the blade 

element of attack would then appear as 

 
a 32 x

1 1
16 x a

  
       

  Eq. (4) 

To Knight and Hefner, it was a simple step to factor (a/16) out in Eq. (4) to show that the blade 

element of attack could be written as 

  a 16 1 32 x a 1
1 1 1 2 x 1

16 a x a 16 x

       
                    

 Eq. (5) 

and that the blade geometric angle (θ) should be used in their BEMT analysis as ( = 16 a). 

They used Eq. (5) as the basis for their derivation of hover performance thrust and power 

equations. In this regard they approached the classical problem by calculating the primary blade 

element force coefficients of lift and drag assuming 

 2

d doC a C C      Eq. (6) 

when a symmetrical airfoil such as the NACA 0012 or 0015 was under consideration.  

 

 The calculation of a thrust coefficient (CT), induced power coefficient (CP-ind), minimum 

profile coefficient (CPo), and delta profile power due to lift ( CPo) was a relatively simple matter 

of radial integration as Appendix B shows. In summary, the results are 

 

2 2 3 3

T T P ind P ind

3 3

do
Po Po Po

a a
C F C F

32 512

C a
C C F

8 a 512

 



 
 

  
  

 Eq. (7) 

                                                 
1
 The cover of recent AHS Journals (with the equation at the top of the cover page) provides the more complete 

solution to BEMT theory for the inflow ratio (). The inflow angle is then calculated as  = /x.  



8 

 The last step Knight and Hefner took was to state that if the minimum profile power 

coefficient is subtracted from the total power coefficient (i.e. CP–CPo = CP-ind + CPO) then the 

correct way to begin studying hover performance with rectangular blades having zero twist 

using the same airfoil from blade root to tip would be to graph 

 P Po T T

3 2 2

C C C C
versus and versus

 

   
. Eq. (8) 

They assumed that any variations in airfoil lift curve slope (a = 5.73 per rad.) would be small. 

 

EXPERIMENTAL DATA AND COMPARISON TO BEMT 

 

 The four hover performance experiments were conducted with rather similar blades as 

Tables 1, 2, and 3 confirm. Even the range in tip Reynolds number and tip Mach number covers 

many experiments with small, model rotor systems as Figure 1 showed. It should be noted, 

however, that Landgrebe’s experiment was conducted with Mach scaled blades, which is quite 

typical of the rotorcraft industry’s requirements. On the other hand, the experiments conducted 

by Knight and Hefner at Georgia Tech and Ramasamy and Bhagwat at NASA Ames Research 

Center were more along the lines of basic research.  

 

 The following discussion presents the four experiments studied in this report and the 

comparison to BEMT in chronological order.  

 

Reference 1. Montgomery Knight and Ralph Hefner, 1937. 

 These researchers conveyed the background and purpose for their study in the 

introduction to their 1937 60-page report, writing: 

 The problem of greater safety in flight is today commanding more and more attention. 

Two different methods of attack are being developed at present. One of these consists of 

improving the conventional fixed-wing airplane through such modifications as Handley Page 

slots, wing profiles giving smooth maximum lift characteristics, methods of obtaining more 

complete rolling and yawing control in stalled flight, and other special devices. The alternative 

method is that of developing a type of aircraft in which there will always be relative motion 

between the lifting surfaces and the air, regardless of the motion or attitude of the aircraft as a 

whole. This type is exemplified by the autogiro and the various experimental helicopters, of which 

the Breguet–Dorand is the most outstanding recent example (reference 1). 
 

 In order to investigate the possibilities of the rotating-wing type of aircraft, a general 

study of the vertical motion of the lifting airscrew has been undertaken at the Daniel Guggenheim 

School of Aeronautics of the Georgia School of Technology. This project is receiving financial 

support from the National Advisory Committee for Aeronautics and the State Engineering 

Experiment Station of Georgia. 
 

 The purpose of this report is to present the results of the first part of this investigation, 

which covers the phase of static thrust or hovering flight of the helicopter. Glauert’s assumptions 

(reference 2) furnish the background for the theoretical portion of the study. However, the induced 

velocity through the rotor is determined on the basis of vortex theory rather than by using the 

concept of the “actuator disk.” This change has been made because the vortex theory offers a 

much clearer picture of the mechanism of airscrew thrust without materially complicating the 

derivation of the induced velocity equation, which is identical for both methods. 
 

 The experimental part of the analysis provides numerical values of such parameters as are 

essentially empirical and serves to show the agreement between the calculated and actual values of 

thrust and torque for four different rotor models. 

 



9 

 Knight and Hefner proved their point that the most informative way to deal with solidity 

variations was to plot P PoT T

2 3 2

C CC C
versus and versus



   
as Figures 5 and 6 below clearly 

show. The balance system used to obtain such very accurate data is described in considerable 

detail in their report. For instance, blade pitch angle was set to within ±0.05 degrees. Their few 

paragraphs on this and other aspects of the test should be of interest even to today’s researchers. 
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Figure 5. Knight and Hefner proved experimentally that thrust versus collective pitch should be 

nondimensionized as shown here. However, solidity was varied with only one blade 

aspect ratio. Note that their experiment was conducted at a relatively low tip Reynolds 

number. 
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Figure 6. The use of solidity changed by either blade number or blade aspect ratio in power-

versus-thrust performance calculations was generally accepted for over four decades.  
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 To prepare for the comparison of their of BEMT form, they needed reasonable values of 

the airfoil’s lift curve slope (a) and the airfoil drag coefficient’s increase due to angle of attack 

() as required by Eq. (6).  Their results for a 6-foot-span and 6-inch-chord wing in the Georgia 

Tech wind tunnel are provided here as Figure 7. The test of the NACA 0015 was conducted at a 

Reynolds number of 242,000. They concluded that an airfoil’s lift curve slope (a) should be 

about 5.75 per radian and the airfoil drag coefficient’s increase due to angle of attack () was on 

the order of 0.75 for a Reynolds number of 242,000. Note that the maximum lift coefficient 

appears (from Figure 7) to be somewhat above 0.9. The excessive drag rise with airfoil angle of 

attack due to stall onset begins at an angle of attack of about 11 degrees (0.192 radians). In fact, 

an approximate drag coefficient versus angle of attack up to 12 degrees would be 

  
11/42

dAirfoilC 0.0113 0.75 1,000 0.192 with in radians, RN 242,000         Eq. (9) 

 

 
Figure 7. NACA 0015 lift and drag coefficients at a Reynolds number of 242,000.  

Note that at a Reynolds number of 3.5 million, Cdo = 0.228 ( in rad.)
2
. 
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 The accuracy with which Knight and Hefner’s use of BEMT predicts their experimental 

data is shown in Figures 8 and 9. The author has rarely seen such an accurate comparison for 

thrust versus collective pitch as Figure 8 displays. On the other hand, Figure 6 indicates that 

BEMT does not predict measured (CP – CPo)/
3
 by a first-order factor of about 1.126. The 

immediate question is this: Is the error in induced power (CP-ind) or delta profile power (CPo) 

OR in both power elements? As of mid-2019, the author has not found a definitive answer. 
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Figure 8. BEMT and experiment for Knight and Hefner’s thrust coefficient vs. collective pitch 

are in rarely seen agreement. 
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Figure 9. Knight and Hefner’s experiment showed that BEMT gave a very poor prediction of the 

hover power required for a given thrust regardless of the number of equal aspect ratio 

blades. 
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Reference 2. Jack Landgrebe, June 1971. 

 Landgrebe’s introduction provides a glimpse of the intermediate steps taken between the 

BEMT of 1937 and the completely free wake in common use today. He began his 1971 report by 

writing: 

The need for attaining peak lift system performance is greater with rotary-wing VTOL 

aircraft than with conventional aircraft. This results directly from the generally lower payload to 

gross weight ratio of such aircraft, which, in turn, increases the payload penalty associated with 

any unexpected deficiencies in performance that might arise as a result of shortcomings in the 

design analyses employed. For example, since the payload is typically 25% of the gross weight, a 

performance deficiency of 1% in lift capability can result in a 4% reduction in payload. 

 

As described in Reference 1, commonly used theoretical methods become inaccurate as 

number of blades, blade solidity, blade loading, and tip Mach number are increased. The 

discrepancies noted appear to stem from simplifying assumptions made in the analyses regarding 

the geometric characteristics of the rotor wake. In Reference 1, a method for considering the 

effects of wake contraction on hover performance was introduced. This computerized method 

developed at the United Aircraft Research Laboratories (UARL) and termed the UARL Prescribed 

Wake Hover Performance Method, requires a prior knowledge of the wake geometry. However, at 

the time Reference 1 was written (1967), available wake geometry data were extremely limited. 

Due to the expense involved, systematic wake geometry data on full-scale rotors were almost 

nonexistent. Available model results, on the other hand, were limited to rotors having three blades 

or less and operating at low tip Mach numbers. Thus, two methods of approach were initiated 

under this investigation to obtain the required wake geometry information. In the first an 

experimental investigation, using model rotors, was conducted in which a systematic, 

self-consistent set of data on rotor performance and associated wake geometry characteristics was 

obtained for a wide range of blade designs and operating conditions. In the second, an available 

analytical method for predicting rotor wake geometry in forward flight, described in Reference 2, 

was extended to the hover condition. Briefly, the method developed involves the establishment of 

an initial wake model comprised of finite vortex elements and the repeated application of the 

Biot-Savart law to compute the velocity induced by each vortex element at the end points of all 

other vortex elements in the wake. These velocities are then integrated over a small increment of 

time to determine the new positions of the wake elements, and the entire process is repeated until a 

converged wake geometry is obtained. 

 

The incorporation of the experimental and analytical wake geometry in the Prescribed Wake 

Method results in two analyses (the Prescribed Experimental Wake Analysis and the Prescribed 

Theoretical Wake Analysis) for computing hover performance. The availability of model rotor 

data permits the evaluation of these analyses by (1) providing experimental wake data both for 

input to the Prescribed Experimental Wake Analysis and for comparison with predicted wake 

geometry results of the Prescribed Theoretical Wake Method, and (2) providing consistent 

experimental performance data for comparison with predicted performance results. Thus, the 

principal objectives of this investigation were to: 

(a) Provide experimental information on the performance and wake geometry 

characteristics of hovering model rotors as influenced by number of blades, blade twist, 

blade aspect ratio, rotor tip speed, and blade collective pitch setting 

(b) Modify an existing forward–flight distorted wake program to permit the prediction of 

the wake geometry characteristics in hover 

(c) Evaluate the accuracy of various hover performance theories having differing rotor 

wake geometry assumptions 

Included in this report are: (1) a description of the model rotor experimental program, (2) a 

discussion of the experimental rotor performance and wake geometry results, (3) comparisons of 

the experimental wake geometry results with other experimental sources, (4) descriptions of the 

theoretical methods for predicting wake geometry and hover performance, (5) a discussion of the 

results of the evaluation of the wake geometry analysis, and (6) a discussion of the results of the 

evaluation of the theoretical methods for predicting hover performance. 
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 Landgrebe’s report provides the influence of blade number at three Reynolds numbers: 

411,200; 469,950; and 548,720. Data at the highest Reynolds number, illustrated in Figures 10 

and 11, clearly show that the early BEMT created a shortcoming that rotorcraft engineers had in 

dealing with blade aerodynamic stall and stall flutter. These deficiencies were in addition to the 

lack of a free-wake model, the problem Landgrebe was reporting on.  
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Figure 10. Evidence of blade stall appears in Landgrebe’s thrust vs. pitch data.  
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Figure 11. The tip Mach number at a tip Reynolds number of 548,274 was 0.627. Blade stall is 

clearly evident in this power vs. thrust data. Note that if CT/ = 0.1 is taken as the 

measure of blade stall onset, then in Knight and Hefner’s notation stall onset would begin 

at CT/
2
 = 0.1/.  
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 Landgrebe repeated his hover performance test at an intermediate Reynolds number of 

469,949 and showed that solidity should be accounted for as Knight and Hefner determined and 

Figure 12 confirms. With respect to power, BEMT underpredicted the test data by a factor of 

1.080 at a tip Reynolds number of 548,274 as shown in Figure 11. Test results shown at a 

Reynolds number of 469,949 in Figure 13 give an underprediction factor of 1.207.   
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Figure 12. There is less evidence of blade stall at the tip Reynolds number of 469,949 and the 

lower tip Mach number of 0.537. 
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Figure 13. Only the two-bladed rotor shows clear evidence of blade stall.  
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 Lastly, hover performance results at a third Reynolds number of 411,205 are shown in 

Figures 14 and 15. Figure 15 shows that BEMT’s underprediction of power is by a factor of 

1.1179. While tip Mach number for Landgrebe’s experiments ranges from a low Mach number 

of 0.470 to 0.627, this does not seem to explain—to the author—just exactly why the three 

different underpredication factors do not form a logical trend with Reynolds number. Clearly, 

more detailed study of Landgrebe’s experiment is required. 
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Figure 14. Landgrebe’s thrust vs. pitch data at the lowest tip Mach number appears free of 

compressibility effects. 
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Figure 15. The two-bladed rotor was tested to a CT/ of 0.1575, and blade stall appears to be a 

factor in Landgrebe’s power vs. thrust curve. 
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Reference 3. Manikandan Ramasamy, June 2015. 

 A portion of Ramasamy’s AHS Journal paper from June 2015 was devoted to nearly a 

repeat of Landgrebe’s work reported four decades earlier. Ramasamy wrote in the abstract of his 

paper, that 
 The aerodynamic interference between rotors in a multirotor system in hover was 

analyzed using a series of experiments. First, single-rotor measurements were acquired over a 

wide range of test conditions by varying thrust, tip speed, and number of blades (two to six). 

[Author’s emphasis]. Next, parametric studies were conducted methodically on torque-balanced 

coaxial-, tandem-, and tilt rotors. For coaxial rotors, the effects of axial separation distance, blade 

twist distribution, and rotor rotation direction on the system performance were studied. For the 

tandem rotors, the effect of overlap between rotors on the system performance was measured 

using untwisted and twisted blades. A unique aspect of the experiment was the ability to measure 

the performance of the individual rotors even when they were operated as part of a torque-

balanced multirotor system. The multirotor measurements, when compared with isolated single-

rotor measurements, revealed the influence of one rotor on the other, thereby enabling various 

interference loss factors to be quantified. Momentum theory and blade-element momentum theory 

were used to understand and explain the measurements. 

 

At the present time, a data report from this comprehensive experiment has not been completed. 

However, Ramasamy generously forwarded tabulated data for the six-bladed configuration, 

tested at several tip Reynolds number range from 220,725 up to 329,659, to the author. 

(Ramasamy extracted this six-bladed data from his much larger data bank, as can be appreciated 

from reading his paper.) The corresponding tip Mach numbers range from 0.163 to 0.243. Note 

from Figure 1 that Mani’s test operating range falls very close to what Knight and Hefner chose 

in 1937.  
 

 Ignoring the inaccurate collective pitch settings, Figure 16 shows that Reynolds number 

appears to have little (if any) effect on the thrust-versus-collective-pitch curve. 
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Figure 16. Blade pitch was not set very accurately in this experiment. 
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 BEMT’s view of Ramasamy’s measured power is shown in Figure 17. The thrust levels 

are quite low, being on the order of CT/ = 0.062 as a maximum for the lowest Reynolds 

number. There does seem to be a Reynolds number effect—but this may only be a reflection of 

experimental accuracy.  
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Figure 17. A slight influence of Reynolds number appears evident in Ramasamy’s test with six 

blades. However, experimental accuracy cannot be dismissed as a factor. 
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Reference 4. Mahendra Bhagwat and Manikandan Ramasamy, January 2018. 

 Bhagwat and Ramasamy’s AHS Specialists’ Conference paper from January 2018 

describes a unique experiment. They studied the effects of blade number at rotor RPM’s from 

500 to 1,200. To examine the effect of solidity, they simply cut off blade radius, which changed 

blade aspect ratio. Unfortunately, reducing bladed radius while holding RPM constant created a 

Reynolds number change as well as a solidity change. This approach also increased the root 

cutout. The author has been unable to separate the effects of the three simultaneous changes. 

Therefore, this report has studied the hover performance data where tip Reynolds number is 

varied with blade numbers 2, 3, 4, 5, and 6. None of the cut-off blade data is used. For the sake 

of completeness, Appendix A does provide the tabulated data for all configurations.  

 

 The abstract of Mahendra and Mani’s paper is of particular interest because the question 

about the use of solidity as the key parameter has not been settled. In their paper, they wrote: 

 Solidity plays an important role in rotor hover performance. Different rotors are typically 
compared in terms of the blade loading coefficient (thrust coefficient divided by solidity) and 
power loading coefficient (power or torque coefficient divided by solidity). This is analogous to 
fixed-wing where the wing efficiency is measured in terms of the mean lift to drag ratio, and 
allows comparison of different rotors operating at nominally the same average lift coefficient. It 
has even been suggested that based on blade element momentum theory, the blade number does 
not have any effect on performance while comparing rotors with the same solidity. Recent interest 
in proprotor performance has brought to focus some experimental results that appear to support 
this hypothesis. However, some of the authors’ prior work showed that the blade number has a 
primary influence on the induced power in hover rather than the solidity. Blade aspect ratio, the 
other constituent in solidity, was shown to have a much smaller and secondary influence. This 
paper examines these results using simple analysis tools in an effort to better understand the 
seemingly anomalous behavior. This is complemented by a unique experimental undertaking 
involving hover performance measurements for several rotor configurations with two to six 
blades. These experiments should provide a large enough data base to provide further insights into 
the effects of blade number and solidity on hover performance. 

 

 Unfortunately, the experiment that Mahendra and Mani reported on in their January 2018 

paper does not provided additional experimental evidence to answer the question. An additional 

disturbing situation has been observed: Figures 18 and 19 disagree in the slope of test P Po

3

C C


 

versus BEMT P Po

3

C C


. That is, Ramasamy’s result in June 2015 (Ref. 3) of the slope equaling 

0.993 to 1.098 becomes 1.148 in the testing in January 2018 (Ref. 4). This difference— as of this 

study—cannot be explained simply by the small differences in blade geometry provided in 

Tables 1, 2, and 3.  

 

 Additional study of Reference 4 test data is provided in Figures 20 through 25 without 

discussion. 

 

 

 

 

 

 

 

 



19 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

2 Blades, Solidity = 0.056

3 Blades, Solidity = 0.084

4 Blades, Solidity = 0.112

5 Blades, Solidity= 0.140

6 Blades, Solidity = 0.168

2

T
C 

BEMT

Tip Reynolds Number = 334,866 

Blade Aspect Ratio = 11.37

(radians) 
 

Figure 18. Blade collective pitch was not set very accurately in this experiment. 
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Figure 19. Bhagwat and Ramasamy proved experimentally that power versus solidity should be 

nondimensionized as Knight and Hefner found. However, solidity was varied with only 

the one blade aspect ratio (11.37).  
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Figure 20. Blade collective pitch was not set very accurately in this experiment. 
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Figure 21. The three-bladed configuration continues to be out of line with data from the other 

test configurations.  
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Figure 22. Blade collective pitch was not set very accurately in this experiment. 
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Figure 23. BEMT seriously underpredicts test results.  
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Figure 24. Blade collective pitch was not set very accurately in this experiment. 
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Figure 25. Only limited data was obtained at the lowest Reynolds number tested.  
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DATA ANALYSIS 

 

 Hover performance obtained from the four key experiments under discussion can be 

summarized with three fundamental graphs. The first is the basic graph showing the behavior of 

thrust versus collective pitch using Knight and Hefner’s parameters. This result, shown in Figure 

26, can be very useful in setting collective pitch ( in radians) to obtain a desired thrust for a 

rotor having any solidity ()—provided the blades are untwisted, have a constant chord, and the 

airfoil is a NACA 0012 from blade root to tip. 
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Figure 26. Knight and Hefner’s BEMT parameters offer a useful engineering approximation to 

the test data from the four key experiments under discussion. 

 
 The second graph, provided here in Figure 27, indicates that Knight and Hefner’s use of 

solidity is quite reasonable. However, their format for examining hover performance beyond the 

onset of stall and compressibility effects remains questionable. To illustrate this point, suppose, 

for example, that onset of rotor stall in hover generally begins when CT/ = 0.10 to 0.12, which 

has been the author’s and others’ experience. Then Knight and Hefner’s format would say that 

rotor stall onset in hover should be expected when CT/

 = 0.10/. 

 

 The third graph, Figure 28, confirms the inadequacy of BEMT when the objective is to 

estimate power required to produce a given thrust. This fact has been known to rotorcraft 

industry engineers for several decades. The search for an improved hover performance prediction 

methodology has been ever ongoing, even before Knight and Hefner’s 1937 report became 

available.  
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Figure 27. Knight and Hefner’s BEMT parameters offer a useful way to collect experimental 

data for simple blade geometries.  

y = 0.038x
2
 + 1.1024x

R
2
 = 0.9939

0

1

2

3

4

5

6

7

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

P Po

3

C C



Test

P ind Po

3

C C
BEMT 

 



Exact

2

do
Assumes Airfoil C 0.75  

 
Figure 28. Knight and Hefner’s BEMT is very optimistic when used to predict hover 

performance for simple blade geometries. 
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A First-Order Engineering Approximation 

 The preceding data bank from the four key experiments allows an empirical equation to 

be found using a linear regression analysis. The basis of the analysis is the relatively well known 

method of estimating hover performance that the author has used for decades. Applying what has 

been learned from the preceding discussion, the author assumes that 

 
 

2 3/2

T T
P 0 1 21/8

C C
C K K K

2Tip RN /1,000

  
    

 
 Eq. (10) 

The first term in Eq. (10) is simply the profile power at zero thrust. This minimum power 

depends on the Reynolds number, as discussed by Ron Gormont in Reference 5. The second 

term in Eq. (10) accounts for the airfoil drag coefficient rise with lift coefficient. The third term 

accounts for induced power. The linear regression analysis gives the result that 
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   
 Eq. (11) 

 It appears from Figure 29 that the Appendix A data of CP versus CT from the four key 

experiments under discussion can be predicted to within ±10 percent by Eq. (11). Of course, 

Eq. (11) does not include the effects of stall. Therefore, the approximation offered by 

Eq. (16) must be restricted to a maximum CT/ of 0.10, or perhaps 0.11. Furthermore, the 

approximation assumes tip Reynolds numbers below 525,000 and tip Mach numbers below 0.45. 
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Figure 29. This first approximation can be of practical engineering use.  
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 Both Eqs. (10) and (11) as well as Figure 29 make the assumption that the coefficients K1 

and K2 are constant. However, when BEMT is examined in more detail, it becomes apparent that 

the coefficients are not constant. Rather, the two coefficients depend on Knight and Hefner’s 

collective pitch parameter ( = 16a) and therefore on CT/
2
 according to Figure 5. 

To illustrate, the coefficient K2 = 1.2923 in Eq. (11) “empirically corrects” ideal induced power 

(
3/2

TC 2 ) to agree with experiment. However, following BEMT and Eq. (7), the K2 correction 

should be calculated as 
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 Eq. (12) 

To a very close approximation, K2 is seen, from Figure 30, to be 
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 Eq. (13) 

Thus, at zero pitch where  = 16a = 0, K2 equals 32 / 25 1.31 . In the limiting case as 

 approaches infinity, K2 equals 54 / 49 1.05 . This is a substantial change in K2 as Figure 30 

shows.    

 

 In a similar manner, the “constant” K1 in Eq. (11) and using Eq. (7), is seen to be 
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 Eq. (14) 

Therefore, K1 also varies with  and is approximated as 
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 Eq. (15) 

At zero pitch,  
2

Po TF F  equals 8 3 2.67 . In the limiting case as  approaches infinity, 

 
2

Po TF F  equals 9 4 2.25 . This is also a substantial change in  
2

Po TF F  as Figure 31 

shows.    

 

 There is another interesting aspect to the use of BEMT. In first-order hover performance 

estimates, many engineers will use their experience by saying during conceptual and perhaps 

even preliminary design that  
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Figure 30. Some semi-empirical BEMT constants are not constant.  
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Figure 31. Some semi-empirical BEMT constants are not constant.  
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The value K in Eq. (16) can be obtained from experimental data by plotting test CP versus ideal 

power 
3/2

TC 2  and then taking the slope of the curve, which is the K that Knight and Hefner 

were estimating.
2
 BEMT can be used to estimate the constant K in the following manner. 

 

 The coefficient K2 that corrects induced power was defined with Eq. (13). The change of 

 CPo with ideal induced power (
3/2

TC 2 ) creates a fourth constant, K4, which is defined as 
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and  
3/2

Po TF 2 F also varies with  = 16a using the approximation 
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Therefore, the coefficient K = K2 + K4 as used in Eq. (16) is  

 

 
2 4 2

54 0.10836 0.02679
K K K + 0.46328 1 2 1

49 a1 2 1 2

 
          
       

 Eq. (19) 

Thus, the range in K becomes dependent on the airfoil’s drag coefficient parabolic rise with the 

airfoil lift coefficient denoted by  in Eq. (6). This dependency is shown in Figure 32. Keep in 

mind that the BEMT value of K2 is known to be considerably lower than what a modern, free-

wake analysis would show.  
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Figure 32. The K in CP = K(ideal CP) depends on the airfoil’s Cdo =  (

2
).  

                                                 
2
 This is a very handy estimating method and it is of value because the delta profile power due to thrust varies as CT

2
 

and induced power varies as CT
3/2

. The method is reasonable because in the range of CT of practical interest, profile 

power is roughly 20 percent of total power and induced power is the other 80 percent of the total power. 
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The Primary Observations 

 The four references under study hardly provide a definitive set of data to answer any 

number of questions that come to mind. In fact, the four experiments form an eclectic data set 

that appears to have only one property in common. This property is that the measured power 

varies linearly with the measured thrust raised to the 3/2 power. That is, the power coefficient 

(CP) varies linearly with the thrust coefficient as CT
3/2

. Figure 33 illustrates this common 

property that many experimenters have found even before Knight and Hefner saw it in 1939.  

 

 The use of CT
3/2

 for the abscissa is, of course, an approximation because both profile 

power and induced power are increasing with thrust. The profile power is frequently analytically 

found to vary with thrust squared while induced power is approximated with thrust varying to the 

3/2 power. But Knight and Hefner’s coordinate transformation—assuming that profile power 

varies with thrust squared—showed that both power components could be captured correctly 

when the thrust coefficient and solidity were combined in their coefficient, CT/
2
. (This was 

discussed earlier in this report.) 

 

 Figure 33 shows that profile power at zero rotor thrust is increasing as the number of 

blades increases when blade aspect ratio remains constant, which is a well-known fact. And this 

data also shows—at least visually—that the slopes of the curves are approximately equal, 

probably within experimental accuracy. These two observations can be repeated again as 
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   Eq. (20) 

an approximation that many practicing engineers have used for decades. 
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Figure 33. Hover CP varies linearly with CT

3/2 
below blade stall onset provided the tip Mach 

number is in the incompressible range. (Blade AR = 11.37, Tip RN = 223,244, Ref. 4.)  



30 

 Now, recall that Knight and Hefner’s BEMT derivation led to the first-order parameters 

P Po T

3 2

C C C
and



 
 

when they assumed hover performance with rectangular blades having zero twist and using the 

same airfoil from blade root to tip. Thus, Eq. (20) should be divided through by solidity cubed, 

which leads to 
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 Eq. (21) 

Re-graphing Figure 33 in the coordinates of Eq. (21) shows (in Figure 34) that the effect of blade 

number has been removed as a variable—at least to the first order and probably within 

experimental accuracy. This is a 2018 reaffirmation of Knight and Hefner’s conclusion in 1937. 

 

 When all of the data from the four references are collected on a graph, as shown in 

Figures 35 and 36, it becomes reasonably clear that the effects of blade aspect ratio and Reynolds 

number cannot be unquestionably quantified, probably because of experimental accuracy.  

 

 The striking point to be made about this primary observation is that IF the common 

property is TRUE, then Figure 32 says that the delta profile power ( CPo ) increase with thrust 

as measured with  must lay within the relatively small range of, say,  = 0.228, and maybe up 

to as high as  = 0.50. More precisely, the author is of the opinion that the effects of blade 

aspect ratio (and Reynolds number below 400,000) on the rise in power with thrust can be 

ignored—at least for practical engineering purposes.  
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Figure 34. Knight and Hefner’s hover performance parameters appear reasonable.  

(Blade AR = 11.37, Tip RN = 223,244, Ref. 4.) 
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Figure 35. Blade number and tip Reynolds number do not appear as significant variables in the 

increase of power with thrust—at least for practical engineering purposes.  
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Figure 36. Note the scatter in data points near zero thrust.  
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Profile Power at Zero Thrust 

 Based on Figures 35 and 36, the four key references show that hover power increases 

with thrust as 

 

2
3/2 3/2
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 Eq. (22) 

and this basic equation applies for all the configurations identified in Tables 1, 2, and 3. The only 

remaining question has to do with profile power at zero thrust.  

 

 Since the geometry of the blades under discussion had no twist, were constant chord, and 

used a constant airfoil from root to tip, BEMT expects the minimum profile power coefficient 

(CPo) to be simply CPo = Cdo/8. Knight and Hefner’s NACA 0015 airfoil measurements gave 

Cdo = 0.0113 at a Reynolds number of 242,000. On this basis, BEMT would say that 

CPo/ = Cdo/8 = 0.00141. Rotor testing of the several blade number configurations Knight and 

Hefner experimented with gave 
 

      b = 2      3      4      5 

CPo/ 0.00145 0.00158 0.00141 
 

This gives an average CPo/ of 0.00143 for a tip Reynolds number of 267,825. One might 

reasonably ask if the turbulent wake created by blade-to-blade interference leads to an effective 

Reynolds number considerably different than the airfoil test value of Cdo = 0.0113. Wind tunnels 

are well known to have a turbulence effect on airfoil tests, which leads to a scattered result in 

measured Cdo versus Reynolds number as Jim McCroskey pointed out in 1987 (Ref. 10).  

 

 The behavior of the drag coefficient of the NACA 0012 at zero lift in 2D flow has been a 

subject of many experiments as McCroskey showed with his figure 4 on page 1-5 of his 

comprehensive report (Ref. 10). His figure is reproduced here as Figure 37. Three additional 

sources of data have come to the author’s attention that extend McCroskey’s Cdo data below a 

Reynolds number of 1,000,000 down to a Reynolds number of about 40,000 (Refs. 11 and 12). 

Figure 38 shows this new data added to McCroskey’s graph. 

 
Figure 37. McCroskey’s assessment of the NACA 0012 Cdo as a function of Reynolds number.  
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Figure 38. Even today, the NACA 0012 airfoil’s Cdo value below a Reynolds number of 400,000 

has not been clearly established by available experiments.  

 

 In Knight and Hefner’s use of BEMT they subtracted profile power at zero thrust from 

power at higher thrusts to show the effect of blade number at a constant Reynolds number. This 

approach leaves the calculation of profile power at zero thrust to the readers of their report.  That 

is, the problem left to the readers was to calculate CPo/s. Simple BEMT states this problem as 

  
1

3Po 1
do2 0

C
Airfoil C x dx

   Eq. (23) 

From Figure 38, the author would suggest that the NACA 0012 drag coefficient at zero lift (Cdo) 

might be on the order of 

 doC 0.035 for RN 10,000   Eq. (24) 

For Reynolds numbers greater that 10,000 on up to about 2,000,000, Figure 38 suggests that  

 

2

3 5

do 6 6

3 4

7 10

6 6

1 1
C 0.0055691 1.0693814435E10 2.1137095758E

RN 10 RN 10

1 1
2.1867028719E 8.6017277278E

RN 10 RN 10

 

 

   
     

   

   
    

   

 Eq. (25) 

The integration called for by Eq. (23) allows for the airfoil Cdo to vary with blade radius station 

(x = r/R). It is convenient to set the local station Reynolds number in terms of the tip Reynolds 

number. That is, RNx = (Tip RN)x when performing the rotor blade integration of Eq. (23). 

 

 The integration required by Eq. (23) is easily performed numerically. The author used 

MathCad 6.0 to make calculations at several tip Reynolds numbers, which yielded the graphical  
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results shown with the solid black line on Figure 39. Even with the considerable scatter, data 

from the four key tests differs substantially from what is calculated by Eq. (23) using the 2D 

airfoil drag coefficient suggested by Eq. (25). 

 

 Figure 39 shows that the minimum profile power data gathered from 1937 to 2018 

might be approximated by such simple equations as 

 
   

Po

1/8 1/5

C 0.0035 0.02125
or

Tip RN /1,000 Tip RN



 Eq. (26) 

 An upper bound to how CPo/ might vary with tip Reynolds number can be estimated 

based on Laitone’s (Ref. 13) measurements of NACA 0012 minimum drag coefficient. Laitone 

gave his finding (as shown in Figure 38) as 

 do 1/4

0.35
C for 20,000 RN 80,000

RN
    Eq. (27) 

The simple representation of Cdo with Eq. (27) leads to a simple, closed form solution for CPo/. 

When extrapolated to tip Reynolds numbers well beyond the range Laitone probably intended, 

the result is 

 
 

 15/4Po

1/4

C 7
1 xc

150 Tip RN
 


 Eq. (28) 

This estimate of CPo/ using Laitone’s data is shown with the solid brown line on Figure 39.  
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Figure 39. The use of 2D NACA 0012 drag coefficient at zero lift as a function of Reynolds 

number does not seem to predict minimum profile power of a rotor as a function of tip 

Reynolds number.  
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Data Assessment  

 The preceding pages lead to an equation useable for assessing the adequacy of data from 

the four references. The thought is that this assessment will be useful for further correlations with 

more advanced hover performance theories. This equation is based on Eqs. (22) and (26). That 

is,  

 
 

2
3/2 3/2

P Po PoT T

1/83 2 2

C C CC C1.393 1.393 0.0035
0.0248 and

2 2 Tip RN /1,000

     
      

        

 Eq. (29) 

Therefore, Eq. (29)  leads immediately to 

 

2
3/2 3/2

PoP T T

3 2 2 2

CC C C1 1.393 1.393
0.0248

2 2

      
        

           

 Eq. (30) 

This leads to the assessment equation, which is 

 
 

2
3/2 3/2

P T T

1/83 2 2 2

C C C1 0.0035 1.393 1.393
0.0248

2 2Tip RN /1,000

      
        

           

 Eq. (31) 

Given the assessment equation, a graph of test CP/
3
 versus the results of Eq. (31) allows a linear 

regression calculation to be made. This calculation leads to an assessment in the form of  

y = Slope(x) + Intercept using Microsoft Excel’s trendline tool. Table 4 compares the linear 

regression calculation and the R
2
 values for each of the four referenced experiments reported 

over the last eight decades. The assessment is summarized in Table 4, which was constructed 

from Figures 40 through 44. 

 

Table 4. Summary of Data Assessment 

Ref. 

Figure 

Number 

Number 

of Blades 

Reynolds 

Number  Slope Intercept R
2
 

1 40a 3 to 5 267,825 1.0066 – 0.0402 0.9992 

1 40b 2 267,825 1.0549 – 0.3436 0.9990 

       

2 41a 2 to 8 411,200 0.9472 – 0.0061 0.9996 

2 41b 2 to 8 469,949 0.9441 + 0.0159 0.9992 

2 41c 2 to 8 548,720 1.0077 + 0.0056 0.9985 

       

3 42a 3 220,596 to 328,984 0.9819 – 0.0474 0.9970 

3 42b 6 220,721 to 329,659 0.8961 + 0.0006 0.9968 

       

4 43a 2 to 6 334,,866 1.0062 + 0.0022 0.9987 

4 43b 2 to 6 279,055 1.0355 – 0.0048 0.9990 

4 43c 3 to 6 223,244 1.0410 – 0.0031 0.9983 

4 43d 3 & 6 139,528 1.0064 + 0.0030 0.9996 

       

All 44 All 139,528 to 548,720 0.9509 + 0.0007 0.9976 
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Figure 40a. Knight and Hefner’s data reported in 1937. 
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Figure 40b. Knight and Hefner’s data reported in 1937. 
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Figure 41a. Landgrebe’s data reported in 1971.  
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Figure 41b. Landgrebe’s data reported in 1971. 
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Figure 41c. Landgrebe’s data reported in 1971. 
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Figure 42a. Ramasamy’s data reported in 2015. 
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Figure 42b. Ramasamy’s data reported in 2015. 
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Figure 43a. Bhagwat and Ramasamy’s data reported in 2018.  
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Figure 43b. Bhagwat and Ramasamy’s data reported in 2018. 
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Figure 43c. Bhagwat and Ramasamy’s data reported in 2018. 
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Figure 43d. Bhagwat and Ramasamy’s data reported in 2018. 
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Figure 44. The experimental hover performance data from the four key tests can be semi-

empirically approximated to within 7.5% with a simple equation. 
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CONCLUSIONS 

 

 For several decades, many questions about using model rotors to provide estimates of 

flight-worthy full-scale rotor characteristics have been asked and answered. There are, however, 

two questions that come up every once in a while that never seem to be definitively answered. 

This report has addressed those two questions:  

1.  Does blade aspect ratio influence hover performance or is rotor solidity the fundamental rotor 

geometry parameter for practical engineering purposes?  
 

2.  Is Reynolds number a significant factor in scaling up hover performance to full-scale rotor 

performance? 

 

 Hover performance data from four key experiments has been analyzed in detail to shed 

some light on these two questions. Each experiment used the simplest blade geometry. The 

blades were constant chord and untwisted. Three experiments used blades with the NACA 0012 

airfoil from root to tip. The NACA 0015 was used in the earliest test. The four experiments 

provide data spanning a Reynolds number range of 136,500 to 548,700. Based on the analysis of 

these four experiments, the answers to the two questions are: 

1.  Rotor solidity is the fundamental rotor geometry parameter for practical engineering purposes. 

Any effect of blade aspect ratio appears to be such a secondary variable that its effect lies 

within the range of experimental error.  
 

2.  This answer is in two parts. (a) Reynolds number effects on the increase of power with thrust 

do not appear to be a significant factor for practical engineering purposes. (b) Reynolds 

number effects on minimum profile power at or very near zero rotor thrust could not be 

clearly established primarily because the low torque levels could not be accurately measured 

with the test equipment used. 

 

 A number of other observations can be made based on the analysis provided in this 

report. For instance: 

1.  The test matrices used in the four key references contained far too few data points. This is 

especially true when regression analysis is used to curve fit data. A collective pitch variation 

of four or five data points is quite insufficient to establish experimental accuracy and data 

repeatability. In fact, the definitive experiments answering the two key questions have yet to 

be made. 
 

2.  A common property of the power-versus-thrust (raised to the 3/2 exponent) graphs was that 

this curve was linear below the onset of blade stall.  
 

3.  The blade-to-blade interference at or near zero thrust may, in fact, be creating a turbulent flow 

field such that the effective Reynolds number at a blade element is considerably greater than 

what theories using 2D airfoil properties at a blade element would calculate.  
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RECOMMENDATIONS 

 

Two recommendations for further study are suggested: 

1.  Using computational fluid dynamics (CFD), calculate the drag of the NACA 0012 airfoil at 

zero angle of attack as a function of Reynolds numbers over the range of 10,000 to 500,000. 

Assume a 2D test. Then repeat the calculation assuming the NACA 0012 is the airfoil on a 

constant chord, untwisted blade set. Set the blade pitch angle to zero. Vary the tip Reynolds 

number from 100,000 to 500,000 for blade number sets of 2, 3, 4, 5, 6, 7, and 8. 
 

2.  Test for the effect of tip Reynolds number on profile power at virtually zero thrust using the 

test rig shown in Figure 45. 

 

 

 
 

Figure 45. Torque measuring rig for testing rotor blades (and/or) hubs at virtually 

zero thrust.  
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APPENDIX A—TABULATED EXPERIMENTAL DATA 

 



 

Experimental Data Bank 

 
Knight & 

Hefner            

Number 

of 

Blades 

Solidity 

() 

Tip 

Speed 

(fps) 

Tip 

Reynolds 

Number 

Tip 

Mach 

Number 

Collective 

Pitch 

(deg) CT CP CT/ CP/ 

Root 

Cutout 

(rc/R) 

NOTES About 

Data Point 

2 0.04244 251.3 267,825 0.22511 0.0 0.000000 0.0000540 0.00000 0.001272 0.150  

2 0.04244 251.3 267,825 0.22511 1.0 0.000140 0.0000555 0.00330 0.001308 0.150  

2 0.04244 251.3 267,825 0.22511 2.0 0.000437 0.0000625 0.01028 0.001473 0.150  

2 0.04244 251.3 267,825 0.22511 4.0 0.001240 0.0000955 0.02922 0.002250 0.150  

2 0.04244 251.3 267,825 0.22511 6.0 0.002210 0.0001580 0.05207 0.003723 0.150  

2 0.04244 251.3 267,825 0.22511 8.0 0.003250 0.0002470 0.07658 0.005820 0.150  

2 0.04244 251.3 267,825 0.22511 10.0 0.004235 0.0003455 0.09978 0.008141 0.150  

2 0.04244 251.3 267,825 0.22511 12.0 0.004950 0.0004390 0.11663 0.010344 0.150  

            

3 0.06366 251.3 267,825 0.22511 0.0 0.000000 0.0000925 0.00000 0.001453 0.150  

3 0.06366 251.3 267,825 0.22511 2.0 0.000510 0.0001030 0.00801 0.001618 0.150  

3 0.06366 251.3 267,825 0.22511 4.0 0.001490 0.0001500 0.02340 0.002356 0.150  

3 0.06366 251.3 267,825 0.22511 6.0 0.002740 0.0002370 0.04304 0.003723 0.150  

3 0.06366 251.3 267,825 0.22511 8.0 0.004165 0.0003675 0.06542 0.005773 0.150  

3 0.06366 251.3 267,825 0.22511 10.0 0.005625 0.0005240 0.08836 0.008231 0.150  

3 0.06366 251.3 267,825 0.22511 12.0 0.006850 0.0006785 0.10760 0.010658 0.150  

            

4 0.08488 251.3 267,825 0.22511 0.0 0.000000 0.0001340 0.00000 0.001579 0.150  

4 0.08488 251.3 267,825 0.22511 1.0 0.000144 0.0001370 0.00169 0.001614 0.150  

4 0.08488 251.3 267,825 0.22511 2.0 0.000521 0.0001500 0.00614 0.001767 0.150  

4 0.08488 251.3 267,825 0.22511 3.0 0.001070 0.0001690 0.01261 0.001991 0.150  

4 0.08488 251.3 267,825 0.22511 4.0 0.001690 0.0002050 0.01991 0.002415 0.150  

4 0.08488 251.3 267,825 0.22511 5.0 0.002380 0.0002495 0.02804 0.002939 0.150  

4 0.08488 251.3 267,825 0.22511 6.0 0.003225 0.0003100 0.03799 0.003652 0.150  

4 0.08488 251.3 267,825 0.22511 7.0 0.003960 0.0003715 0.04665 0.004377 0.150  

4 0.08488 251.3 267,825 0.22511 8.0 0.004905 0.0004600 0.05779 0.005419 0.150  

4 0.08488 251.3 267,825 0.22511 9.0 0.005910 0.0005810 0.06963 0.006845 0.150  

4 0.08488 251.3 267,825 0.22511 10.0 0.006910 0.0006975 0.08141 0.008217 0.150  

4
6
 



 

4 0.08488 251.3 267,825 0.22511 11.0 0.007980 0.0008550 0.09401 0.010073 0.150  

4 0.08488 251.3 267,825 0.22511 12.0 0.008725 0.0009550 0.10279 0.011251 0.150  

5 0.10610 251.3 267,825 0.22511 0.0 0.000000 0.0001500 0.00000 0.001414 0.150 Questionable 

5 0.10610 251.3 267,825 0.22511 2.0 0.000591 0.0001350 0.00557 0.001272 0.150  

5 0.10610 251.3 267,825 0.22511 4.0 0.001810 0.0001980 0.01706 0.001866 0.150  

5 0.10610 251.3 267,825 0.22511 6.0 0.003470 0.0003400 0.03270 0.003204 0.150  

5 0.10610 251.3 267,825 0.22511 8.0 0.005515 0.0005430 0.05198 0.005118 0.150  

5 0.10610 251.3 267,825 0.22511 10.0 0.007740 0.0008175 0.07295 0.007705 0.150  

5 0.10610 251.3 267,825 0.22511 12.0 0.010000 0.0011400 0.09425 0.010744 0.150  

            

Landgrebe            

Number of 

Blades 

Solidity 

() 

Tip 

Speed 

(fps) 

Tip 

Reynolds 

Number 

Tip 

Mach 

Number 

Collective 

Pitch 

(deg) CT CP CT/ CP/ 

Root 

Cutout 

(rc/R) 

NOTES About 

Data Point 

2 0.03498 700.0 548,274 0.62699 0.0 -0.000052 0.0000619 -0.00150 0.001770 0.148  

2 0.03498 700.0 548,274 0.62699 6.0 0.001837 0.0001361 0.05250 0.003890 0.148  

2 0.03498 700.0 548,274 0.62699 6.0 0.001924 0.0001350 0.05500 0.003860 0.148  

2 0.03498 700.0 548,274 0.62699 7.0 0.002218 0.0001634 0.06340 0.004670 0.148  

2 0.03498 700.0 548,274 0.62699 7.0 0.002288 0.0001616 0.06540 0.004620 0.148  

2 0.03498 700.0 548,274 0.62699 8.0 0.002785 0.0002089 0.07960 0.005970 0.148  

2 0.03498 700.0 548,274 0.62699 9.0 0.003082 0.0002400 0.08810 0.006860 0.148  

2 0.03498 700.0 548,274 0.62699 10.0 0.003233 0.0002760 0.09240 0.007890 0.148 STALL 

2 0.03498 700.0 548,274 0.62699 10.0 0.003397 0.0002813 0.09710 0.008040 0.148 STALL 

2 0.03498 700.0 548,274 0.62699 10.0 0.003435 0.0002911 0.09820 0.008320 0.148 STALL 

2 0.03498 700.0 548,274 0.62699 10.0 0.003463 0.0003051 0.09900 0.008720 0.148 STALL 

2 0.03498 700.0 548,274 0.62699 10.5 0.003540 0.0003086 0.10120 0.008820 0.148 STALL 

            

4 0.06997 700.0 548,274 0.62699 0.0 -0.000014 0.0001203 -0.00020 0.001720 0.148  

4 0.06997 700.0 548,274 0.62699 6.0 0.002645 0.0002477 0.03780 0.003540 0.148  

4 0.06997 700.0 548,274 0.62699 6.0 0.002680 0.0002512 0.03830 0.003590 0.148  

4 0.06997 700.0 548,274 0.62699 6.0 0.002764 0.0002456 0.03950 0.003510 0.148  

4 0.06997 700.0 548,274 0.62699 6.0 0.003047 0.0002704 0.04355 0.003865 0.148  

4 0.06997 700.0 548,274 0.62699 8.0 0.004275 0.0003869 0.06110 0.005530 0.148  

4 0.06997 700.0 548,274 0.62699 8.0 0.004268 0.0003855 0.06100 0.005510 0.148  

4 0.06997 700.0 548,274 0.62699 10.0 0.005681 0.0005786 0.08120 0.008270 0.148  

4 0.06997 700.0 548,274 0.62699 10.0 0.005660 0.0005786 0.08090 0.008270 0.148 STALL 

4
7
 



 

4 0.06997 700.0 548,274 0.62699 10.5 0.005772 0.0006353 0.08250 0.009080 0.148 STALL 

4 0.06997 700.0 548,274 0.62699 11.0 0.006129 0.0007242 0.08760 0.010350 0.148 STALL 

4 0.06997 700.0 548,274 0.62699 11.0 0.006178 0.0007606 0.08830 0.010870 0.148 STALL 

4 0.06997 700.0 548,274 0.62699 11.0 0.006003 0.0007060 0.08580 0.010090 0.148 STALL 

6 0.10495 700.0 548,274 0.62699 0.0 0.000000 0.0001816 0.00000 0.001730 0.148  

6 0.10495 700.0 548,274 0.62699 6.0 0.003338 0.0003484 0.03180 0.003320 0.148  

6 0.10495 700.0 548,274 0.62699 6.0 0.003463 0.0003946 0.03300 0.003760 0.148  

6 0.10495 700.0 548,274 0.62699 8.0 0.005185 0.0005300 0.04940 0.005050 0.148  

6 0.10495 700.0 548,274 0.62699 8.0 0.005216 0.0005279 0.04970 0.005030 0.148  

6 0.10495 700.0 548,274 0.62699 10.0 0.007137 0.0007934 0.06800 0.007560 0.148  

6 0.10495 700.0 548,274 0.62699 10.0 0.007263 0.0008018 0.06920 0.007640 0.148  

6 0.10495 700.0 548,274 0.62699 10.0 0.007273 0.0007997 0.06930 0.007620 0.148  

6 0.10495 700.0 548,274 0.62699 11.0 0.007934 0.0010149 0.07560 0.009670 0.148 STALL 

6 0.10495 700.0 548,274 0.62699 11.0 0.007955 0.0010128 0.07580 0.009650 0.148 STALL 

            

8 0.13994 700.0 548,274 0.62699 0.0 -0.000028 0.0002421 -0.00020 0.001730 0.148  

8 0.13994 700.0 548,274 0.62699 6.0 0.003932 0.0004534 0.02810 0.003240 0.148  

8 0.13994 700.0 548,274 0.62699 6.0 0.003946 0.0004520 0.02820 0.003230 0.148  

8 0.13994 700.0 548,274 0.62699 8.0 0.006045 0.0006745 0.04320 0.004820 0.148  

8 0.13994 700.0 548,274 0.62699 8.0 0.006059 0.0006717 0.04330 0.004800 0.148  

8 0.13994 700.0 548,274 0.62699 10.0 0.008452 0.0010089 0.06040 0.007210 0.148  

8 0.13994 700.0 548,274 0.62699 10.0 0.008564 0.0010285 0.06120 0.007350 0.148  

8 0.13994 700.0 548,274 0.62699 11.0 0.009628 0.0012692 0.06880 0.009070 0.148  

8 0.13994 700.0 548,274 0.62699 11.0 0.009670 0.0012720 0.06910 0.009090 0.148  

            

2 0.03498 600.0 469,949 0.53742 0.0 -0.000038 0.0000554 -0.00109 0.001584 0.148 Average 

2 0.03498 600.0 469,949 0.53742 6.0 0.001846 0.0001240 0.05276 0.003544 0.148  

2 0.03498 600.0 469,949 0.53742 7.0 0.002211 0.0001498 0.06319 0.004283 0.148  

2 0.03498 600.0 469,949 0.53742 7.0 0.002174 0.0001503 0.06215 0.004296 0.148  

2 0.03498 600.0 469,949 0.53742 8.0 0.002661 0.0001844 0.07605 0.005272 0.148  

2 0.03498 600.0 469,949 0.53742 8.0 0.002671 0.0001880 0.07636 0.005373 0.148  

2 0.03498 600.0 469,949 0.53742 8.0 0.002643 0.0001883 0.07555 0.005381 0.148  

2 0.03498 600.0 469,949 0.53742 9.0 0.002986 0.0002145 0.08536 0.006133 0.148  

2 0.03498 600.0 469,949 0.53742 10.0 0.003326 0.0002503 0.09507 0.007154 0.148 STALL 

2 0.03498 600.0 469,949 0.53742 10.0 0.003377 0.0002617 0.09654 0.007481 0.148 STALL 

2 0.03498 600.0 469,949 0.53742 10.0 0.003400 0.0002675 0.09720 0.007646 0.148 STALL 

4
8
 



 

2 0.03498 600.0 469,949 0.53742 10.0 0.003439 0.0002656 0.09831 0.007593 0.148 STALL 

2 0.03498 600.0 469,949 0.53742 10.0 0.003411 0.0002614 0.09750 0.007472 0.148 STALL 

2 0.03498 600.0 469,949 0.53742 10.0 0.003546 0.0002746 0.10137 0.007850 0.148 STALL 

2 0.03498 600.0 469,949 0.53742 11.0 0.003911 0.0003204 0.11181 0.009158 0.148 STALL 

2 0.03498 600.0 469,949 0.53742 11.0 0.003897 0.0003265 0.11139 0.009332 0.148 STALL 

            

4 0.06997 600.0 469,949 0.53742 0.0 -0.000089 0.0001109 -0.00127 0.001586 0.148 Average 

4 0.06997 600.0 469,949 0.53742 6.0 0.002655 0.0002307 0.03794 0.003297 0.148  

4 0.06997 600.0 469,949 0.53742 6.0 0.002939 0.0002535 0.04200 0.003623 0.148  

4 0.06997 600.0 469,949 0.53742 8.0 0.004096 0.0003548 0.05854 0.005070 0.148  

4 0.06997 600.0 469,949 0.53742 10.0 0.005610 0.0005160 0.08018 0.007375 0.148  

4 0.06997 600.0 469,949 0.53742 10.5 0.005859 0.0005526 0.08374 0.007899 0.148  

4 0.06997 600.0 469,949 0.53742 11.0 0.006208 0.0006039 0.08873 0.008631 0.148  

4 0.06997 600.0 469,949 0.53742 11.0 0.006341 0.0006219 0.09062 0.008889 0.148  

            

6 0.10495 600.0 469,949 0.53742 0.0 -0.000140 0.0001668 - 0.00133 0.001589 0.148 Average 

6 0.10495 600.0 469,949 0.53742 6.0 0.003302 0.0003403 0.03146 0.003242 0.148  

6 0.10495 600.0 469,949 0.53742 8.0 0.004993 0.0004947 0.04757 0.004714 0.148  

6 0.10495 600.0 469,949 0.53742 10.0 0.007054 0.0007265 0.06721 0.006923 0.148  

6 0.10495 600.0 469,949 0.53742 10.5 0.007197 0.0007883 0.06857 0.007511 0.148  

6 0.10495 600.0 469,949 0.53742 11.0 0.008033 0.0008854 0.07654 0.008436 0.148  

6 0.10495 600.0 469,949 0.53742 11.0 0.008154 0.0008981 0.07770 0.008557 0.148  

            

8 0.13994 600.0 469,949 0.53742 0.0 -0.000193 0.0002233 -0.00138 0.001596 0.148  

8 0.13994 600.0 469,949 0.53742 6.0 0.003895 0.0004250 0.02783 0.003037 0.148  

8 0.13994 600.0 469,949 0.53742 6.0 0.003733 0.0004375 0.02668 0.003126 0.148  

8 0.13994 600.0 469,949 0.53742 8.0 0.005836 0.0006232 0.04171 0.004453 0.148  

8 0.13994 600.0 469,949 0.53742 8.0 0.005869 0.0006350 0.04194 0.004538 0.148  

8 0.13994 600.0 469,949 0.53742 10.0 0.008179 0.0009171 0.05845 0.006554 0.148  

8 0.13994 600.0 469,949 0.53742 10.0 0.008309 0.0009340 0.05938 0.006674 0.148  

8 0.13994 600.0 469,949 0.53742 11.0 0.009587 0.0011244 0.06851 0.008035 0.148  

8 0.13994 600.0 469,949 0.53742 11.0 0.009554 0.0011396 0.06828 0.008144 0.148  

            

2 0.03498 525.0 411,205 0.47024 0.0 -0.000003 0.0000551 -0.00007 0.001576 0.148  

2 0.03498 525.0 411,205 0.47024 6.0 0.001774 0.0001199 0.05071 0.003427 0.148  

2 0.03498 525.0 411,205 0.47024 7.0 0.002207 0.0001419 0.06308 0.004055 0.148  

4
9
 



 

2 0.03498 525.0 411,205 0.47024 7.0 0.002173 0.0001454 0.06211 0.004155 0.148  

2 0.03498 525.0 411,205 0.47024 8.0 0.002611 0.0001743 0.07463 0.004983 0.148  

2 0.03498 525.0 411,205 0.47024 8.0 0.002651 0.0001772 0.07577 0.005064 0.148  

2 0.03498 525.0 411,205 0.47024 9.0 0.002909 0.0002009 0.08315 0.005742 0.148  

2 0.03498 525.0 411,205 0.47024 9.5 0.003310 0.0002319 0.09463 0.006630 0.148  

2 0.03498 525.0 411,205 0.47024 10.0 0.003363 0.0002540 0.09613 0.007261 0.148  

2 0.03498 525.0 411,205 0.47024 10.0 0.003410 0.0002498 0.09748 0.007141 0.148  

2 0.03498 525.0 411,205 0.47024 10.0 0.003470 0.0002569 0.09920 0.007342 0.148  

2 0.03498 525.0 411,205 0.47024 11.0 0.003889 0.0002940 0.11117 0.008403 0.148  

2 0.03498 525.0 411,205 0.47024 11.0 0.003889 0.0002989 0.11116 0.008544 0.148  

            

4 0.06997 525.0 411,205 0.47024 0.0 0.000000 0.0001109 0.00000 0.001584 0.148  

4 0.06997 525.0 411,205 0.47024 6.0 0.002536 0.0002258 0.03624 0.003227 0.148  

4 0.06997 525.0 411,205 0.47024 6.0 0.002635 0.0002315 0.03766 0.003308 0.148  

4 0.06997 525.0 411,205 0.47024 6.0 0.002898 0.0002465 0.04141 0.003523 0.148  

4 0.06997 525.0 411,205 0.47024 8.0 0.003959 0.0003424 0.05659 0.004894 0.148  

4 0.06997 525.0 411,205 0.47024 8.0 0.004075 0.0003439 0.05824 0.004915 0.148  

4 0.06997 525.0 411,205 0.47024 10.0 0.005558 0.0004976 0.07944 0.007112 0.148  

4 0.06997 525.0 411,205 0.47024 10.5 0.005834 0.0005281 0.08338 0.007547 0.148  

4 0.06997 525.0 411,205 0.47024 11.0 0.006173 0.0005745 0.08822 0.008211 0.148  

4 0.06997 525.0 411,205 0.47024 11.0 0.006306 0.0005872 0.09013 0.008393 0.148  

4 0.06997 525.0 411,205 0.47024 11.0 0.006315 0.0005788 0.09025 0.008272 0.148  

            

6 0.10495 525.0 411,205 0.47024 0.0 -0.000020 0.0001663 0.00019 0.001584 0.148  

6 0.10495 525.0 411,205 0.47024 6.0 0.003317 0.0003300 0.03160 0.003145 0.148  

6 0.10495 525.0 411,205 0.47024 6.0 0.003127 0.0003299 0.02980 0.003144 0.148  

6 0.10495 525.0 411,205 0.47024 8.0 0.004974 0.0004698 0.04739 0.004476 0.148  

6 0.10495 525.0 411,205 0.47024 8.0 0.004905 0.0004816 0.04674 0.004588 0.148  

6 0.10495 525.0 411,205 0.47024 10.0 0.007011 0.0006860 0.06680 0.006536 0.148  

6 0.10495 525.0 411,205 0.47024 10.0 0.007010 0.0006965 0.06680 0.006636 0.148  

6 0.10495 525.0 411,205 0.47024 10.0 0.006829 0.0006922 0.06507 0.006595 0.148  

6 0.10495 525.0 411,205 0.47024 11.0 0.007959 0.0008262 0.07584 0.007872 0.148  

6 0.10495 525.0 411,205 0.47024 11.0 0.008072 0.0008359 0.07691 0.007965 0.148  

            

8 0.13994 525.0 411,205 0.47024 0.0 -0.000037 0.0002206 -0.00026 0.001576 0.148  

8 0.13994 525.0 411,205 0.47024 6.0 0.003618 0.0004161 0.02585 0.002973 0.148  

5
0
 



 

8 0.13994 525.0 411,205 0.47024 6.0 0.003848 0.0004302 0.02750 0.003074 0.148  

8 0.13994 525.0 411,205 0.47024 6.0 0.004036 0.0004399 0.02884 0.003143 0.148  

8 0.13994 525.0 411,205 0.47024 8.0 0.005843 0.0006176 0.04175 0.004413 0.148  

8 0.13994 525.0 411,205 0.47024 8.0 0.005896 0.0006429 0.04213 0.004594 0.148  

8 0.13994 525.0 411,205 0.47024 10.0 0.008194 0.0008899 0.05856 0.006359 0.148  

8 0.13994 525.0 411,205 0.47024 10.0 0.008311 0.0009068 0.05939 0.006480 0.148  

8 0.13994 525.0 411,205 0.47024 11.0 0.009620 0.0010719 0.06875 0.007660 0.148  

8 0.13994 525.0 411,205 0.47024 11.0 0.009485 0.0010954 0.06778 0.007828 0.148  

            

Mani's Test Data,  t = 0           

Number of 

Blades 

Solidity 

() 

Tip 

Speed 

(fps) 

Tip 

Reynolds 

Number 

Tip 

Mach 

Number 

Collective 

Pitch 

(deg) CT CP CT/ CP/ 

Root 

Cutout 

(rc/R) 

NOTES About 

Data Point 

6 0.16796 182.5 221,561 0.16351 0 0.000057 0.0002746 0.00034 0.001635 0.1910  

6 0.16796 182.2 221,142 0.16320 3.25 0.001069 0.0003062 0.00636 0.001823 0.1910  

6 0.16796 180.9 219,595 0.16206 3.85 0.002218 0.0003722 0.01321 0.002216 0.1910  

6 0.16796 180.9 219,512 0.16200 5.95 0.003535 0.0004629 0.02105 0.002756 0.1910  

6 0.16796 182.1 220,974 0.16307 6.57 0.004498 0.0005500 0.02678 0.003275 0.1910  

6 0.16796 182.2 221,164 0.16321 7.36 0.005491 0.0006556 0.03269 0.003903 0.1910  

6 0.16796 183.5 222,756 0.16439 7.59 0.006610 0.0007533 0.03936 0.004485 0.1910  

6 0.16796 180.8 219,410 0.16192 8.16 0.006582 0.0007568 0.03919 0.004506 0.1910  

6 0.16796 182.0 220,847 0.16298 9.08 0.006918 0.0008334 0.04119 0.004962 0.1910  

6 0.16796 181.4 220,213 0.16251 9.17 0.007799 0.0008941 0.04643 0.005323 0.1910  

6 0.16796 181.9 220,759 0.16292 10.7 0.010566 0.0012461 0.06291 0.007419 0.1910  

  181.9 220,721 0.16289        

 0.00000           

6 0.16796 204.7 248,403 0.18332 0 0.000112 0.0002710 0.00067 0.001614 0.1910  

6 0.16796 204.1 247,725 0.18282 3.25 0.001043 0.0002904 0.00621 0.001729 0.1910  

6 0.16796 203.8 247,374 0.18256 3.85 0.002236 0.0003582 0.01331 0.002132 0.1910  

6 0.16796 204.2 247,887 0.18294 5.95 0.003533 0.0004497 0.02104 0.002677 0.1910  

6 0.16796 203.7 247,201 0.18243 6.57 0.004514 0.0005324 0.02688 0.003170 0.1910  

6 0.16796 204.6 248,323 0.18326 7.36 0.005474 0.0006310 0.03259 0.003757 0.1910  

6 0.16796 203.6 247,065 0.18233 8.16 0.006478 0.0007313 0.03857 0.004354 0.1910  

6 0.16796 205.5 249,451 0.18409 8.16 0.006507 0.0007322 0.03874 0.004359 0.1910  

6 0.16796 203.3 246,715 0.18207 9.17 0.007723 0.0008721 0.04598 0.005192 0.1910  

  204.2 247,794 0.18287        

6 0.16796 227.3 275,890 0.20360 0 0.000107 0.0002702 0.00064 0.001609 0.1910  5
1
 



 

6 0.16796 226.8 275,258 0.20313 3.25 0.001038 0.0002992 0.00618 0.001781 0.1910  

6 0.16796 227.4 276,000 0.20368 3.85 0.002272 0.0003573 0.01353 0.002127 0.1910  

6 0.16796 226.8 275,236 0.20312 5.95 0.003559 0.0004382 0.02119 0.002609 0.1910  

6 0.16796 228.1 276,883 0.20433 6.57 0.004486 0.0005254 0.02671 0.003128 0.1910  

6 0.16796 227.4 276,055 0.20372 7.36 0.005423 0.0006222 0.03229 0.003704 0.1910  

6 0.16796 225.4 273,568 0.20189 7.59 0.006568 0.0007260 0.03911 0.004323 0.1910  

6 0.16796 227.0 275,559 0.20336 8.16 0.006382 0.0007022 0.03800 0.004181 0.1910  

6 0.16796 227.1 275,589 0.20338 9.17 0.007717 0.0008510 0.04595 0.005067 0.1910  

6 0.16796 227.4 276,000 0.20368 10.7 0.010436 0.0011968 0.06214 0.007126 0.1910  

  227.1 275,604 0.20339        

6 0.16796 249.8 303,140 0.22371 0 0.000021 0.0002702 0.00013 0.001609 0.1910  

6 0.16796 249.4 302,643 0.22334 3.25 0.001033 0.0002922 0.00615 0.001740 0.1910  

6 0.16796 249.3 302,561 0.22328 3.85 0.002185 0.0003538 0.01301 0.002106 0.1910  

6 0.16796 250.5 304,022 0.22436 5.95 0.003501 0.0004374 0.02084 0.002604 0.1910  

6 0.16796 250.2 303,636 0.22408 6.57 0.004464 0.0005183 0.02658 0.003086 0.1910  

6 0.16796 249.7 303,112 0.22369 7.36 0.004560 0.0005218 0.02715 0.003107 0.1910  

6 0.16796 250.0 303,471 0.22395 7.36 0.005481 0.0006134 0.03263 0.003652 0.1910  

6 0.16796 249.9 303,360 0.22387 7.59 0.006553 0.0007242 0.03902 0.004312 0.1910  

6 0.16796 249.7 303,112 0.22369 7.59 0.006589 0.0007269 0.03923 0.004328 0.1910  

6 0.16796 249.0 302,230 0.22304 8.16 0.006392 0.0006987 0.03806 0.004160 0.1910  

6 0.16796 250.7 304,298 0.22457 9.17 0.007778 0.0008422 0.04631 0.005014 0.1910  

  249.8 303,235 0.22378        

            

6 0.16796 272.5 330,776 0.24411 0 0.000001 0.0002631 0.00001 0.001567 0.1910  

6 0.16796 271.5 329,534 0.24319 3.25 0.001008 0.0002834 0.00600 0.001687 0.1910  

6 0.16796 272.3 330,445 0.24386 3.85 0.002183 0.0003450 0.01300 0.002054 0.1910  

6 0.16796 271.3 329,231 0.24297 5.95 0.003533 0.0004356 0.02104 0.002594 0.1910  

6 0.16796 272.4 330,665 0.24402 6.57 0.004536 0.0005166 0.02701 0.003076 0.1910  

6 0.16796 271.1 329,066 0.24284 7.36 0.005497 0.0006019 0.03273 0.003584 0.1910  

6 0.16796 270.2 327,907 0.24199 7.59 0.006664 0.0007093 0.03968 0.004223 0.1910  

6 0.16796 271.6 329,645 0.24327 10.7 0.006405 0.0006811 0.03813 0.004055 0.1910  

  271.6 329,659 0.2433        

 0.00000           

3 0.08398 272.7 330,941 0.24423 0.00 0.000000 0.0001364 0.00000 0.001624 0.1910  

3 0.08398 272.7 330,941 0.24423 3.61 0.001214 0.0001828 0.01446 0.002177 0.1910  

3 0.08398 272.4 330,583 0.24396 4.60 0.002230 0.0002446 0.02655 0.002913 0.1910  

5
2
 



 

3 0.08398 272.4 330,583 0.24396 6.00 0.002769 0.0002719 0.03297 0.003238 0.1910  

3 0.08398 270.9 328,817 0.24266 8.34 0.003914 0.0003414 0.04661 0.004066 0.1910  

3 0.08398 272.3 330,445 0.24386 9.30 0.004807 0.0004215 0.05724 0.005019 0.1910  

3 0.08398 272.5 330,748 0.24408 10.40 0.005707 0.0005086 0.06796 0.006057 0.1910  

3 0.08398 271.0 328,928 0.24274 11.72 0.006935 0.0006626 0.08258 0.007891 0.1910  

3 0.08398 271.0 328,928 0.24274 12.27 0.007323 0.0007084 0.08720 0.008436 0.1910  

3 0.08398 271.0 328,928 0.24274 14.30 0.009004 0.0009460 0.10722 0.011265 0.1910  

  271.9 329,984 0.24352        

            

            

3 0.08398 181.4 220,155 0.16247 4.68 0.001203 0.0001522 0.01433 0.001813 0.1910  

3 0.08398 181.6 220,356 0.16262 3.61 0.001948 0.0002068 0.02320 0.002463 0.1910  

3 0.08398 181.2 219,931 0.16230 8.34 0.004044 0.0003643 0.04816 0.004338 0.1910  

3 0.08398 182.0 220,836 0.16297 9.30 0.005007 0.0004506 0.05962 0.005365 0.1910  

3 0.08398 182.4 221,360 0.16336 10.40 0.006030 0.0005588 0.07180 0.006654 0.1910  

3 0.08398 180.6 219,184 0.16175 11.72 0.007236 0.0007075 0.08617 0.008425 0.1910  

3 0.08398 183.7 223,015 0.16458 16.21 0.009720 0.0010727 0.11574 0.012774 0.1910  

3 0.08398 181.2 219,929 0.16230 17.07 0.011566 0.0013913 0.13773 0.016567 0.1910  

  234.8 220,596 0.16279        

            

3 0.08398 225.6 273,863 0.20210 4.68 0.000986 0.0001390 0.01174 0.001656 0.1910  

3 0.08398 225.9 274,185 0.20234 3.61 0.002035 0.0002077 0.02423 0.002473 0.1910  

3 0.08398 226.2 274,503 0.20258 8.34 0.003933 0.0003520 0.04683 0.004192 0.1910  

3 0.08398 227.8 276,442 0.20401 9.30 0.004861 0.0004330 0.05788 0.005156 0.1910  

3 0.08398 224.7 272,773 0.20130 10.40 0.005879 0.0005342 0.07001 0.006361 0.1910  

3 0.08398 227.8 276,524 0.20407 11.72 0.007025 0.0006917 0.08365 0.008236 0.1910  

  243.2 274,715 0.20273        

            

Mahendra & 

Mani            

Number of 

Blades 

Solidity 

() 
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(fps) 
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Reynolds 

Number 
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Mach 

Number 

Collective 

Pitch 

(deg) CT CP CT/ CP/ 

Root 

Cutout 

(rc/R) 

NOTES About 

Data Point 

6 0.16794 273.6 334,866 0.24504 0.0 0.000001 0.0002987 0.00000 0.001778 0.1910  

6 0.16794 273.6 334,866 0.24504 3.3 0.001008 0.0003220 0.00600 0.001917 0.1910  

6 0.16794 273.6 334,866 0.24504 3.9 0.002183 0.0003918 0.01300 0.002333 0.1910  

6 0.16794 273.6 334,866 0.24504 6.0 0.003533 0.0004952 0.02104 0.002949 0.1910  5
3
 



 

6 0.16794 273.6 334,866 0.24504 6.6 0.004536 0.0005865 0.02701 0.003493 0.1910  

6 0.16794 273.6 334,866 0.24504 7.4 0.005497 0.0006845 0.03273 0.004076 0.1910  

            

5 0.13995 273.6 334,866 0.24504 0.0 0.000000 0.0002510 0.00000 0.001793 0.1910 Extrapolated 

5 0.13995 273.6 334,866 0.24504 6.0 0.002928 0.0004110 0.02092 0.002936 0.1910  

5 0.13995 273.6 334,866 0.24504 7.2 0.005252 0.0006290 0.03753 0.004494 0.1910  

5 0.13995 273.6 334,866 0.24504 7.7 0.005938 0.0007237 0.04243 0.005171 0.1910  

5 0.13995 273.6 334,866 0.24504 8.2 0.007156 0.0008591 0.05114 0.006138 0.1910  

            

            

4 0.11196 273.6 334,866 0.24504 0.0 0.000000 0.0001950 0.00000 0.001742 0.1910 Extrapolated 

4 0.11196 273.6 334,866 0.24504 3.0 0.001499 0.0002514 0.01339 0.002245 0.1910  

4 0.11196 273.6 334,866 0.24504 7.4 0.005103 0.0005454 0.04557 0.004871 0.1910  

4 0.11196 273.6 334,866 0.24504 8.2 0.005980 0.0006444 0.05341 0.005756 0.1910  

4 0.11196 273.6 334,866 0.24504 11.8 0.007529 0.0008272 0.06724 0.007388 0.1910  

4 0.11196 273.6 334,866 0.24504 11.8 0.007475 0.0008190 0.06677 0.007315 0.1910  

            

3 0.08397 273.6 334,866 0.24504 0.0 0.000000 0.0001201 0.00000 0.001430 0.1910 Extrapolated 

3 0.08397 273.6 334,866 0.24504 3.6 0.002035 0.0002323 0.02424 0.002767 0.1910 Questionable 

3 0.08397 273.6 334,866 0.24504 4.7 0.000935 0.0001530 0.01114 0.001822 0.1910  

3 0.08397 273.6 334,866 0.24504 8.3 0.003914 0.0003880 0.04661 0.004621 0.1910  

3 0.08397 273.6 334,866 0.24504 9.3 0.004807 0.0004792 0.05724 0.005706 0.1910  

3 0.08397 273.6 334,866 0.24504 10.4 0.005707 0.0005783 0.06797 0.006887 0.1910  

3 0.08397 273.6 334,866 0.24504 11.7 0.006935 0.0007531 0.08259 0.008969 0.1910  

            

2 0.05598 273.6 334,866 0.24504 0.0 0.000026 0.0001033 0.00047 0.001846 0.1910  

2 0.05598 273.6 334,866 0.24504 6.0 0.002867 0.0002583 0.05122 0.004615 0.1910  

2 0.05598 273.6 334,866 0.24504 8.1 0.004314 0.0003698 0.07707 0.006606 0.1910  

2 0.05598 273.6 334,866 0.24504 10.3 0.005460 0.0005061 0.09754 0.009042 0.1910 STALL 

            

            

6 0.16794 228.0 279,055 0.20420 0.0 0.000107 0.0003073 0.00063 0.001830 0.1910  

6 0.16794 228.0 279,055 0.20420 3.3 0.001038 0.0003395 0.00618 0.002022 0.1910  

6 0.16794 228.0 279,055 0.20420 3.9 0.002272 0.0004060 0.01353 0.002417 0.1910  

6 0.16794 228.0 279,055 0.20420 6.0 0.003559 0.0004981 0.02119 0.002966 0.1910  

6 0.16794 228.0 279,055 0.20420 6.6 0.004486 0.0005966 0.02671 0.003553 0.1910  

5
4
 



 

6 0.16794 228.0 279,055 0.20420 7.4 0.005423 0.0007067 0.03229 0.004208 0.1910  

6 0.16794 228.0 279,055 0.20420 8.2 0.006382 0.0007976 0.03800 0.004749 0.1910  

6 0.16794 228.0 279,055 0.20420 9.2 0.007717 0.0009666 0.04595 0.005756 0.1910  

6 0.16794 228.0 279,055 0.20420 10.7 0.010436 0.0013600 0.06214 0.008098 0.1910  

            

4 0.11196 228.0 279,055 0.20420 0.0 0.000000 0.0001919 0.00000 0.001714 0.1910 Extrapolated 

4 0.11196 228.0 279,055 0.20420 8.2 0.006092 0.0006709 0.05441 0.005993 0.1910  

4 0.11196 228.0 279,055 0.20420 7.4 0.005122 0.0005554 0.04574 0.004961 0.1910  

4 0.11196 228.0 279,055 0.20420 3.0 0.001488 0.0002504 0.01329 0.002236 0.1910  

            

            

3 0.08397 228.0 279,055 0.20420 0.0 0.000000 0.0001244 0.00000 0.001482 0.1910 Extrapolated 

3 0.08397 228.0 279,055 0.20420 3.6 0.002035 0.0002360 0.02423 0.002811 0.1910  

3 0.08397 228.0 279,055 0.20420 4.7 0.000986 0.0001584 0.01174 0.001886 0.1910  

3 0.08397 228.0 279,055 0.20420 8.3 0.003933 0.0004001 0.04683 0.004764 0.1910  

3 0.08397 228.0 279,055 0.20420 9.3 0.004861 0.0004919 0.05789 0.005858 0.1910  

3 0.08397 228.0 279,055 0.20420 10.4 0.005879 0.0006075 0.07001 0.007234 0.1910  

3 0.08397 228.0 279,055 0.20420 11.7 0.007025 0.0007859 0.08366 0.009360 0.1910  

            

2 0.05598 228.0 279,055 0.20420 0.0 0.000033 0.0001078 0.00059 0.001926 0.1910  

2 0.05598 228.0 279,055 0.20420 6.0 0.002936 0.0002700 0.05244 0.004824 0.1910  

2 0.05598 228.0 279,055 0.20420 8.1 0.004252 0.0003783 0.07595 0.006758 0.1910  

2 0.05598 228.0 279,055 0.20420 10.3 0.005389 0.0005128 0.09627 0.009160 0.1910 STALL 

            

            

6 0.16794 182.4 223,244 0.16336 0.0 0.000057 0.0003121 0.00034 0.001858 0.1910  

6 0.16794 182.4 223,244 0.16336 3.3 0.001069 0.0003477 0.00636 0.002070 0.1910  

6 0.16794 182.4 223,244 0.16336 3.9 0.002218 0.0004227 0.01321 0.002517 0.1910  

6 0.16794 182.4 223,244 0.16336 6.0 0.003535 0.0005261 0.02105 0.003133 0.1910  

6 0.16794 182.4 223,244 0.16336 6.6 0.004498 0.0006245 0.02679 0.003719 0.1910  

6 0.16794 182.4 223,244 0.16336 7.4 0.005491 0.0007450 0.03270 0.004436 0.1910  

6 0.16794 182.4 223,244 0.16336 8.2 0.006582 0.0008601 0.03919 0.005122 0.1910  

6 0.16794 182.4 223,244 0.16336 9.2 0.007799 0.0010163 0.04644 0.006051 0.1910  

6 0.16794 182.4 223,244 0.16336 10.7 0.010566 0.0014163 0.06291 0.008433 0.1910  

            

            

5
5
 



 

5 0.13995 182.4 223,244 0.16336 0.0 0.000000 0.0002624 0.00000 0.001875 0.1910 Extrapolated 

5 0.13995 182.4 223,244 0.16336 3.8 0.001797 0.0003280 0.01284 0.002343 0.1910  

5 0.13995 182.4 223,244 0.16336 7.2 0.005367 0.0006631 0.03835 0.004738 0.1910  

5 0.13995 182.4 223,244 0.16336 7.7 0.006102 0.0007890 0.04360 0.005638 0.1910  

5 0.13995 182.4 223,244 0.16336 8.2 0.007139 0.0009191 0.05101 0.006568 0.1910  

5 0.13995 182.4 223,244 0.16336 9.5 0.008906 0.0011354 0.06364 0.008113 0.1910  

5 0.13995 182.4 223,244 0.16336 10.6 0.010093 0.0013160 0.07212 0.009403 0.1910  

5 0.13995 182.4 223,244 0.16336 12.8 0.012594 0.0017479 0.08999 0.012490 0.1910  

            

4 0.11196 182.4 223,244 0.16336 0.0 0.000058 0.0002129 0.00052 0.001902 0.1910  

4 0.11196 182.4 223,244 0.16336 11.8 0.007507 0.0008547 0.06705 0.007634 0.1910  

4 0.11196 182.4 223,244 0.16336 8.2 0.006098 0.0006750 0.05447 0.006029 0.1910  

4 0.11196 182.4 223,244 0.16336 7.4 0.005218 0.0005703 0.04661 0.005094 0.1910  

4 0.11196 182.4 223,244 0.16336 10.8 0.008881 0.0010524 0.07933 0.009400 0.1910  

3 0.08397 182.4 223,244 0.16336 0.0 0.000000 0.0001370 0.00000 0.001632 0.1910 Extrapolated 

3 0.08397 182.4 223,244 0.16336 3.6 0.001948 0.0002355 0.02320 0.002804 0.1910  

3 0.08397 182.4 223,244 0.16336 4.7 0.001203 0.0001734 0.01433 0.002065 0.1910  

3 0.08397 182.4 223,244 0.16336 8.3 0.004044 0.0004138 0.04816 0.004929 0.1910  

3 0.08397 182.4 223,244 0.16336 9.3 0.005007 0.0005119 0.05963 0.006097 0.1910  

3 0.08397 182.4 223,244 0.16336 10.4 0.006030 0.0006351 0.07181 0.007563 0.1910  

3 0.08397 182.4 223,244 0.16336 11.7 0.007236 0.0008042 0.08618 0.009577 0.1910  

            

6 0.16794 114.0 139,528 0.10210 0.0 0.000021 0.0003245 0.00012 0.001932 0.1910  

6 0.16794 114.0 139,528 0.10210 3.3 0.001187 0.0003816 0.00707 0.002272 0.1910  

6 0.16794 114.0 139,528 0.10210 3.9 0.002345 0.0004545 0.01396 0.002707 0.1910  

6 0.16794 114.0 139,528 0.10210 6.0 0.003762 0.0005634 0.02240 0.003355 0.1910  

6 0.16794 114.0 139,528 0.10210 6.6 0.004845 0.0006668 0.02885 0.003970 0.1910  

6 0.16794 114.0 139,528 0.10210 7.4 0.006102 0.0008572 0.03634 0.005104 0.1910  

            

3 0.08397 114.0 139,528 0.10210 0.0 0.000000 0.0001555 0.00000 0.001852 0.1910 Extrapolated 

3 0.08397 114.0 139,528 0.10210 3.6 0.001565 0.0002180 0.01864 0.000005 0.1910  

3 0.08397 114.0 139,528 0.10210 8.3 0.004198 0.0004330 0.04999 0.000005 0.1910  

3 0.08397 114.0 139,528 0.10210 9.3 0.005277 0.0005443 0.06284 0.000005 0.1910  

 

 

5
6
 



57 

 

 

 

 

 

 

 

APPENDIX B—KNIGHT AND HEFNER’S BEMT EQUATIONS  

 



58 

KNIGHT AND HEFNER’S BEMT EQUATIONS 

 

 

 Blade element momentum theory’s classical assumption is that a blade element has an angle 

of attack (α) calculated as the difference between a geometric blade angle (θ) and an inflow (angle. 

Knight and Hefner clearly stated that all angles would be assumed to be small. 

      Eq. (1) 

Application of BEMT yields the result for the inflow angle, which  is 

 
a 32 x

1 1
16 x a

  
      

  Eq. (2) 

where (a) is the lift curve slope of the airfoil being on the order of 5.73 per radian and (x) is the 

nondimensional blade radius station, calculated as x = r/R. Knight and Hefner saw that the blade 

element angle of attack would then appear as 

 
a 32 x

1 1
16 x a

  
       

  Eq. (3) 

To Knight and Hefner, it was a simple step to factor (a/16) out in Eq. (3) to show that the blade 

element of attack could be written as 

  a 16 1 32 x a 1
1 1 1 2 x 1

16 a x a 16 x

       
                    

 Eq. (4)  

and that the blade geometric angle (θ) could be redefined as ( = 16 / a). They used Eq. (4) as the 

basis for their view of how BEMT should be used. Then they used their form of blade element angle 

of attack in calculating the primary blade element force coefficients of lift and drag by 

 2

d doC a C C       Eq. (5) 

when a symmetrical airfoil such as the NACA 0012 or 0015 was under consideration. The calculation 

of a thrust coefficient (CT), induced power coefficient (CP-ind), minimum profile coefficient (CPo), and 

delta profile power due to lift ( CPo) was a relatively simple matter of radial integration. These hover 

performance parameters are calculated as follows. 

 

Thrust Coefficient (CT) 

  
1 2 2

1
2 2

T T
xc

xc

a a a 1 a
C x dx 1 2 x 1 x dx F

2 2 16 x 32

    
        

 





  Eq. (6) 

 
   

       

   
 

3 3 5 5

2 2 2 2
2 3

T 2 2

2 3 2

4 2 5 3

T T 2

1 2 1 2 xc 1 2 1 2 xc1 1
F 1 xc 1 xc

2 3 6 10

15 10 2 1 6 1 2 21 1
F 1 xc 1 xc for 0.1 and F if xc 0

8 10 30

   
                 

    
      

        
         



Eq. (7) 
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Induced Power Coefficient (CP-ind) 

 
1

3 3
1

3 3

P ind P ind
xc

xc

a a a 1 a 32 x a
C x dx 1 2 x 1 1 1 x dx F

2 2 16 x 16 x a 512
 

       
               
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Minimum Profile Coefficient (CPo) 
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Delta Profile Power due to Thrust ( CPo) 
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Total Power due to Thrust ( CPo) 

 P P0 Po P indC C C C     Eq. (13)  

 

 The last step Knight and Hefner took was to state that if the minimum profile power 

coefficient is subtracted from the total power coefficient (i.e. Test CP–CPo = Theory CP-ind + CPO) 

then the correct way to begin studying hover performance with rectangular blades having zero twist 

using the same airfoil from blade root to tip would be 

 P Po T T

3 2 2

C C C C
versus and versus

 

   
 Eq. (14)  
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APPENDIX C—BOEING–VERTOL INTEROFFICE MEMO (REF. 5) 
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